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THE IRREGULAR SET FOR MAPS WITH THE
SPECIFICATION PROPERTY HAS FULL TOPOLOGICAL
PRESSURE
DAN THOMPSON, UNIVERSITY OF WARWICK
Abstract. Let (X, d) be a compact metric space, f : X 7→ X be
a continuous map with the specification property, and ϕ : X 7→ R a
continuous function. We consider the set of points for which the Birkhoff
average of ϕ does not exist (which we call the irregular set for ϕ) and
show that this set is either empty or carries full topological pressure (in
the sense of Pesin and Pitskel). We formulate various equivalent natural
conditions on ϕ that completely describe when the latter situation holds
and give examples of interesting systems to which our results apply
but were not previously known. As an application, we show that for a
suspension flow over a continuous map with specification, the irregular
set carries full topological entropy.
For a compact metric space (X, d), a continuous map f : X 7→ X and a
continuous function ϕ : X 7→ R, we define the irregular set for ϕ to be
(1) X̂ϕ :=
{
x ∈ X : lim
n→∞
1
n
n−1∑
i=0
ϕ(f i(x)) does not exist
}
.
The irregular set arises naturally in the context of multifractal analysis,
where one decomposes a space X into the disjoint union
X =
⋃
α∈R
Xϕ,α ∪ X̂ϕ,
where Xϕ,α is the set of points for which the Birkhoff average of ϕ is equal to
α. We begin a program to understand the topological pressure of the multi-
fractal decomposition by focusing on the irregular set X̂ϕ (we will consider
the topological pressure of the sets Xϕ,α in future work). The motivation for
proving multifractal analysis results where pressure is the dimension charac-
teristic is twofold. Firstly, topological pressure is a non-trivial and natural
generalisation of topological entropy, which is the standard dynamical di-
mension characteristic. Secondly, understanding the topological pressure of
the multifractal decomposition allows us to prove results about the topologi-
cal entropy of systems related to the original system, for example, suspension
flows (see §5).
Our main result (theorem 2.2) is that when f has the specification prop-
erty, X̂ϕ carries full topological pressure or is the empty set. We give con-
ditions on ϕ which completely describe which of the two cases hold.
1
2 DAN THOMPSON, UNIVERSITY OF WARWICK
The class of maps satisfying the specification property includes the time-1
map of the geodesic flow of compact connected negative curvature manifolds
and certain quasi-hyperbolic toral automorphisms as well as any system
which can be modelled by a topologically mixing shift of finite type (see §4
for details).
The first to notice the phenomenon of the irregular set carrying full en-
tropy were Pesin and Pitskel [16] in the case of the Bernoulli shift on 2
symbols. Barreira and Schmeling [3] studied the irregular set for a variety
of uniformly hyperbolic systems using symbolic dynamics. They showed
that, for example, the irregular set of a generic Ho¨lder continuous function
on a conformal repeller has full entropy (and Hausdorff dimension). Our
results apply to a more general class of systems and we consider irregular
sets for continuous functions which are not Ho¨lder.
Takens and Verbitskiy have obtained multifractal analysis results for the
class of maps with specification, using topological entropy as the dimension
characteristic [18], [17]. However, they do not consider the irregular set.
Ercai, Kupper and Lin [8] proved that the irregular set is either empty or
carries full entropy for maps with the specification property. Our results
were derived independently and include the result of [8] as a special case.
Our methods are largely inspired by those of Takens and Verbitskiy [18]. To
the best of the author’s knowledge, our result is the first about the pressure
of the irregular set.
We apply our main result to show that the irregular set for a suspension
flow over a map with specification has full topological entropy. By consider-
ing the ‘u-dimension’ of the irregular set in the base, Barreira and Saussol
[1] proved analogous results which apply when the suspension is over a shift
of finite type. They assume Ho¨lder continuity of ϕ and the roof function,
whereas we require only continuity.
We expect that an analogue of our main theorem 2.2 holds for flows
with the specification property, and that our current method of proof can
be adapted to this setting (although we do not pursue this here). Such an
approach would not cover every suspension flow to which our current results
apply. In particular, a special flow (i.e. a suspension flow with constant roof
function) over a map with specification never has the specification property
itself, but is in the class of flows treated in §5.
In §1, we take care of our preliminaries. In §2, we state our main results
and key ideas of the proof. In §3, we prove our main theorem. In §4, we
describe examples of maps to which our results can be applied. In §5, we
apply our main result to suspension flows.
1. Preliminaries
We give the definitions and fix the notation necessary to give a precise
statement of our results, including topological entropy for non-compact sets
and the specification property. Let (X, d) be a compact metric space and
THE IRREGULAR SET HAS FULL TOPOLOGICAL PRESSURE 3
f : X 7→ X a continuous map. Let C(X) denote the space of continuous
functions from X to R, and ϕ,ψ ∈ C(X). Let Snϕ(x) :=
∑n−1
i=0 ϕ(f
i(x))
and for c > 0, let Var(ϕ, c) := sup{|ϕ(x) − ϕ(y)| : d(x, y) < c}. Let Mf (X)
denote the space of f -invariant probability measures and Mef (X) denote
those which are ergodic. If X ′ ⊆ X is an f -invariant subset, let Mf (X
′)
denote the subset of Mf (X) for which the measures µ satisfy µ(X
′) = 1.
We define, for later use, the empirical measures
δx,n =
1
n
n−1∑
k=0
δfk(x),
where δx is the Dirac measure at x.
Definition 1.1. Let ǫ > 0. Given n > 0 and a point x ∈ X, define the open
(n, ǫ)-ball at x by
Bn(x, ǫ) = {y ∈ X : d(f
i(x), f i(y)) < ǫ for all i = 0, . . . , n− 1}.
Alternatively, let us define a new metric
dn(x, y) = max{d(f
i(x), f i(y)) : i = 0, 1, . . . , n− 1}.
It is clear that Bn(x, ǫ) is the open ball of radius ǫ around x in the dn metric,
and that if n ≤ m we have dn(x, y) ≤ dm(x, y) and Bm(x, ǫ) ⊆ Bn(x, ǫ).
Definition 1.2. Let Z ⊂ X, n ∈ N and ǫ > 0. We say a set S ⊂ Z is an
(n, ǫ) spanning set for Z if for every z ∈ Z, there exists x ∈ S with dn(x, z) ≤
ǫ. Let N(Z, n, ǫ) denote the smallest cardinality of a (n, ǫ) spanning set for
Z. We say a set R ⊂ Z is an (n, ǫ) separated set for Z if for every x, y ∈ R,
dn(x, y) > ǫ. Let S(Z, n, ǫ) denote the largest cardinality of a (n, ǫ) separated
set for Z.
See [19] for the basic properties of spanning sets and seperated sets.
1.1. Definition of the topological pressure. Let Z ⊂ X be an arbi-
trary Borel set, not necessarily compact or invariant. We use the defini-
tion of topological pressure as a characteristic of dimension type, due to
Pesin and Pitskel. We consider finite and countable collections of the form
Γ = {Bni(xi, ǫ)}i. For α ∈ R, we define the following quantities:
Q(Z,α,Γ, ψ) =
∑
Bni (xi,ǫ)∈Γ
exp
(
−αni + sup
x∈Bni (xi,ǫ)
ni−1∑
k=0
ψ(fk(x))
)
,
M(Z,α, ǫ,N, ψ) = inf
Γ
Q(Z,α,Γ, ψ),
where the infimum is taken over all finite or countable collections of the
form Γ = {Bni(xi, ǫ)}i with xi ∈ X such that Γ covers Z and ni ≥ N for all
i = 1, 2, . . .. Define
m(Z,α, ǫ, ψ) = lim
N→∞
M(Z,α, ǫ,N, ψ).
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The existence of the limit is guaranteed since the functionM(Z,α, ǫ,N) does
not decrease with N. By standard techniques, we can show the existence of
PZ(ψ, ǫ) := inf{α : m(Z,α, ǫ, ψ) = 0} = sup{α : m(Z,α, ǫ, ψ) =∞}.
Definition 1.3. The topological pressure of ψ on Z is given by
PZ(ψ) = lim
ǫ→0
PZ(ψ, ǫ).
See [15] for verification of well-definedness of the quantities PZ(ψ, ǫ) and
PZ(ψ).
Theorem 1.4. Topological pressure satisfies:
(1) PZ1(ψ) ≤ PZ2(ψ) if Z1 ⊆ Z2 ⊆ X;
(2) PZ(ψ) = supi≥1 PZi(ψ) where Z =
⋃
i≥1 Zi for i = 1, 2, . . ..
If Z is compact and invariant, our definition agrees with the usual topo-
logical pressure as defined in [19]. We denote the topological pressure of
the whole space by P classicX (ψ), to emphasise that we are dealing with the
familiar compact, invariant definition.
1.2. The specification property. We are interested in transformations f
of the following type:
Definition 1.5. A continuous map f : X 7→ X satisfies the specification
property if for all ǫ > 0, there exists an integer m = m(ǫ) such that for any
collection {Ij = [aj , bj ] ⊂ N : j = 1, . . . , k} of finite intervals with aj+1−bj ≥
m(ǫ) for j = 1, . . . , k−1 and any x1, . . . , xk in X, there exists a point x ∈ X
such that
(2) d(fp+ajx, fpxj) < ǫ for all p = 0, . . . , bj − aj and every j = 1, . . . , k.
The original definition of specification, due to Bowen, was stronger.
Definition 1.6. We say f : X 7→ X satisfies Bowen specification if under
the assumptions of definition 1.5 and for every p ≥ bk − a1 + m(ǫ), there
exists a periodic point x ∈ X of least period p satisfying (2).
One can describe a map f with specification intuititively as follows. For
any set of points x1, . . . , xk in X, there is an x ∈ X whose orbit follows the
orbits of all the points x1, . . . , xk. In this way, one can connect together
arbitrary pieces of orbit. If f has Bowen specification, x can be chosen to
be a periodic point of any sufficiently large period.
One can verify that a map with the specification property is topologically
mixing. The following converse result holds [4], a recent proof of which is
available in [6].
Theorem 1.7 (Blokh Theorem). A topologically mixing map of the interval
has Bowen specification.
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A factor of a system with specification has specification. We give a survey
of many interesting examples of maps with the specification property in §4.
We will actually study a weakening of the definition of specification as
follows. Let X ′ ⊆ X be f -invariant (but not necessarily compact).
Definition 1.8. A continuous map f : X 7→ X satisfies the specification
property on X ′ if for all ǫ > 0, there exists an integer m = m(ǫ) such that
for any collection {Ij = [aj , bj] ⊂ N : j = 1, . . . , k} of finite intervals with
aj+1 − bj ≥ m(ǫ) for j = 1, . . . , k − 1 and any x1, . . . , xk in X
′, there exists
a point x ∈ X such that
d(fp+ajx, fpxj) < ǫ for all p = 0, . . . , bj − aj and every j = 1, . . . , k.
Our results generalise to this setting naturally with little extra difficulty in
the proofs. Although we do not offer an application of this extra generality,
we think that there may be examples of non-uniformly hyperbolic systems
where definition 1.8 holds on an interesting subset but where definition 1.5
is not verifiable.
1.3. Cohomology and the irregular set. Let φ1, φ2 ∈ C(X). We say
φ1 is cohomologous to φ2 if they differ by a coboundary, i.e. there exists
h ∈ C(X) such that
φ1 = φ2 + h− h ◦ f.
For a constant c, let Cob(X, f, c) denote the space of functions cohomologous
to c and Cob(X, f, c) be the closure of Cob(X, f, c) in the sup norm.
We recall that X̂ϕ is the irregular set for ϕ, defined at (1). By Birkhoff’s
ergodic theorem, µ(X̂ϕ) = 0 for all µ ∈ Mf (X). The following lemma
describes conditions equivalent to X̂ϕ being non-empty.
Lemma 1.9. When f has specification, the following are equivalent:
(a) X̂ϕ is non-empty;
(b) 1
n
Snϕ does not converge pointwise to a constant;
(c) infµ∈Mf (X)
∫
ϕdµ < supµ∈Mf (X)
∫
ϕdµ;
(d) infµ∈Me
f
(X)
∫
ϕdµ < supµ∈Me
f
(X)
∫
ϕdµ;
(e) ϕ /∈
⋃
c∈RCob(X, f, c);
(f) 1
n
Snϕ does not converge uniformly to a constant.
The argument for (c) ⇐⇒ (e) ⇐⇒ (f) was given to the author by
Peter Walters and is sketched here. In fact, no assumption on f other
than continuity is required except to prove that (a) is implied by the other
properties.
Proof of lemma 1.9. We show the contrapositive of (e) ⇒ (f). Suppose
1
n
Snϕ converges uniformly to c. Define for n ∈ N
hn(x) =
1
n
n−1∑
i=1
(n− i)ϕ(f i−1x).
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We can verify that ϕ − 1
n
Snϕ = hn − hn ◦ f and it follows that ϕ ∈
Cob(X, f, c). The contrapositive of (c) ⇒ (e) is straight forward. Now
we prove (f) ⇒ (c). Let µ1 ∈ Mf (X) and let c :=
∫
ϕdµ1. From (f), there
exists ǫ > 0 and sequences nk →∞ and xk ∈ X such that
|
1
nk
Snkϕ(xk)− c| > ǫ.
Let νk = δxk,nk and let µ2 be a limit point of the sequence νk. Then µ2 ∈
Mf (X) and
∫
ϕdµ2 6= c, so we are done.
The contrapositive of (a) ⇒ (f) is clearly true and (b) ⇒ (f) is trivial.
We use an ergodic decomposition argument for (c) ⇒ (d). For (d) ⇒ (b),
we take µ1, µ2 ∈ M
e
f (X) such that
∫
ϕdµ1 <
∫
ϕdµ2. We can find xi such
that 1
n
Snϕ(xi)→
∫
ϕdµi for i = 1, 2 and we are done.
Direct proof of (c) ⇒ (a) using the specification property is possible,
however it is a corollary of our main theorem so we omit the proof. 
We mention briefly the complement of the irregular set. For α ∈ R, we
define
Xϕ,α =
{
x ∈ X : lim
n→∞
1
n
Snϕ(x) = α
}
.
We define the multifractal spectrum for ϕ to be Lϕ := {α ∈ R : Xϕ,α 6= ∅}.
When f has the specification property, Lϕ is a non-empty bounded interval
[18] and Lϕ = {
∫
ϕdµ : µ ∈ Mf (X)}. We omit the proof, since we are not
focusing our attention on Lϕ.
We deduce that for maps with specification, the conditions of lemma 1.9
are equivalent to the non-empty bounded interval of values taken by Lϕ not
being equal to a single point.
2. Results
We state our results and introduce the key technical tools of the proof.
Theorem 2.1. Let (X, d) be a compact metric space and f : X 7→ X be
a continuous map with the specification property. Assume that ϕ ∈ C(X)
satisfies infµ∈Mf (X)
∫
ϕdµ < supµ∈Mf (X)
∫
ϕdµ. Let X̂ϕ be the irregular set
for ϕ defined as in (1), then P bXϕ(ψ) = P
classic
X (ψ) for all ψ ∈ C(X).
We remark that lemma 1.9 provides us with other natural interpretations
of the assumption infµ∈Mf (X)
∫
ϕdµ < supµ∈Mf (X)
∫
ϕdµ. We state the
assumption in this way because it is natural for the method of proof. If our
assumption fails, then X̂ϕ = ∅.
In fact, we prove a slightly stronger version of the theorem.
Theorem 2.2. Let (X, d) be a compact metric space, f : X 7→ X be a
continuous map and X ′ ⊆ X be f -invariant. Assume f satisfies the specifi-
cation property on X ′. Assume that ϕ ∈ C(X) satisfies infµ∈Mf (X′)
∫
ϕdµ <
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supµ∈Mf (X′)
∫
ϕdµ. Let X̂ϕ be the irregular set for ϕ defined as in (1), then
for all ψ ∈ C(X),
P bXϕ(ψ) ≥ sup
{
hµ +
∫
ψdµ : µ ∈ Mf (X
′)
}
.
If sup
{
hµ +
∫
ψdµ : µ ∈ Mf (X
′)
}
= P classicX (ψ), then we have P bXϕ(ψ) =
P classicX (ψ).
IfMf (X
′) is dense inMf (X), we need only assume infµ∈Mf (X)
∫
ϕdµ <
supµ∈Mf (X)
∫
ϕdµ. We adapt an ingenious method of Takens and Verbitskiy,
which can be found in §5 of [18] and was in turn developed from a large
deviations proof of Young [20]. The key ingredients for the Takens and
Verbitskiy proof are an application of the Entropy Distribution Principle
[18] and Katok’s formula for measure-theoretic entropy [10]. We are required
to generalise both. We offer two generalisations of the Entropy Distribution
Principle. While the first offers a more straight forward generalisation, we
will use the second as it offers us a short cut in the proof later on. We prove
only the second, as the proof of the first is similar.
Proposition 2.3 (Pressure distribution principle). Let f : X 7→ X be a
continuous transformation. Let Z ⊆ X be an arbitrary Borel set. Suppose
there exists a constant s ≥ 0 such that for sufficiently small ǫ > 0 one
can find a Borel probability measure µǫ and a constant K(ǫ) > 0 satisfying
µǫ(Z) > 0 and µǫ(Bn(x, ǫ)) ≤ K(ǫ) exp{−ns+
∑n−1
i=0 ψ(f
ix)} for sufficiently
large n and every ball Bn(x, ǫ) which has non-empty intersection with Z.
Then PZ(ψ) ≥ s.
Proposition 2.4 (Generalised pressure distribution principle). Let f : X 7→
X be a continuous transformation. Let Z ⊆ X be an arbitrary Borel set.
Suppose there exists ǫ > 0 and s ≥ 0 such that one can find a sequence of
Borel probability measures µk, a constant K > 0, and a limit measure ν of
the sequence µk satisfying ν(Z) > 0 such that
lim sup
k→∞
µk(Bn(x, ǫ)) ≤ K exp{−ns+
n−1∑
i=0
ψ(f ix)}
for sufficiently large n and every ball Bn(x, ǫ) which has non-empty inter-
section with Z. Then PZ(ψ, ǫ) ≥ s.
Proof. Choose ǫ > 0 and measure ν satisfying the conditions of the theorem.
Let Γ = {Bni(xi, ǫ)}i cover Z with all ni sufficiently large. We may assume
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that Bni(xi, ǫ) ∩ Z 6= ∅ for every i. Then
Q(Z, s,Γ, ψ) =
∑
i
exp
{
−sni + sup
y∈Bni (xi,ǫ)
ni−1∑
k=0
ψ(fk(y))
}
≥
∑
i
exp
{
−sni +
ni−1∑
k=0
ψ(fk(xi))
}
≥ K−1
∑
i
lim sup
k→∞
µk(Bn(xi, ǫ))
≥ K−1
∑
i
ν(Bn(xi, ǫ)) ≥ K
−1ν(Z) > 0
So M(Z, s, ǫ, ψ) > 0 and thus PZ(ψ, ǫ) ≥ s. 
The following result generalises Katok’s formula for measure-theoretic
entropy. In [13], Mendoza gave a proof based on ideas from the Misiurewicz
proof of the variational principle. Although he states the result under the
assumption that f is a homeomorphism, his proof works for f continuous.
Proposition 2.5. Let (X, d) be a compact metric space, f : X 7→ X be a
continuous map and µ be an ergodic invariant measure. For ǫ > 0, γ ∈ (0, 1)
and ϕ ∈ C(X), define
Nµ(ψ, γ, ǫ, n) = inf
{∑
x∈S
exp
{
n−1∑
i=0
ψ(f ix)
}}
where the infimum is taken over all sets S which (n, ǫ) span some set Z with
µ(Z) ≥ 1− γ. We have
hµ +
∫
ψdµ = lim
ǫ→0
lim inf
n→∞
1
n
logNµ(ψ, γ, ǫ, n).
The formula remains true if we replace the lim inf by lim sup.
We now begin the proof of theorem 2.2. For the sake of clarity, it will be
convenient to give the proof under a certain additional hypothesis, which we
will later explain how to remove.
Theorem 2.6. Let us assume the hypotheses of theorem 2.2 and fix ψ ∈
C(X). Let
C := sup
{
hµ +
∫
ψdµ : µ ∈Mf (X
′)
}
.
Let us assume further that P classicX (ψ) is finite and for all γ > 0, there exist
ergodic measures µ1, µ2 ∈ Mf (X
′) which satisfy
(1) hµi +
∫
ψdµi > C − γ for i = 1, 2,
(2)
∫
ϕdµ1 6=
∫
ϕdµ2.
Then P bXϕ(ψ) ≥ C. If C = P
classic
X (ψ), for example when X
′ = X, then
P bXϕ(ψ) = P
classic
X (ψ).
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The assumption that P classicX (ψ) is finite is trivial to remove and is in-
cluded only for notational convenience. Given a result from [7], we give a
short proof that the hypotheses of theorem 2.1 imply those of theorem 2.6
when the map µ→ hµ is upper semi-continuous. We explain how to modify
the proof of theorem 2.6 to obtain a self contained proof of theorem 2.2 in
§3.2.
Proof of theorem 2.1. Let µ1 be ergodic and satisfy hµ1+
∫
ψdµ1 > C−γ/3,
Let ν ∈ Mf (X) satisfy
∫
ϕdµ1 6=
∫
ϕdν. Let ν ′ = tµ1 + (1 − t)ν where
t ∈ (0, 1) is chosen sufficiently close to 1 so that hν′ +
∫
ψdν ′ > C − 2γ/3.
By theorem B of [7], when f has the specification property and the map
µ→ hµ is upper semi-continuous, we can find a sequence of ergodic measures
νn ∈ Mf (X) such that hνn → hν′ and νn → ν
′ in the weak-∗ topology.
Therefore, we can choose a measure belonging to this sequence which we
call µ2 which satisfies hµ2 +
∫
ψdµ2 > C − γ and
∫
ϕdµ1 6=
∫
ϕdµ2. 
3. Proof of the main theorem 2.6
Let us fix a small γ > 0, and take the measures µ1 and µ2 provided by
our hypothesis. Choose δ > 0 sufficiently small so∣∣∣∣∫ ϕdµ1 − ∫ ϕdµ2∣∣∣∣ > 4δ.
Let ρ : N 7→ {1, 2} be given by ρ(k) = 1 + k (mod1). Choose a strictly
decreasing sequence δk → 0 with δ1 < δ and a strictly increasing sequence
lk →∞ so the set
(3) Yk :=
{
x ∈ X ′ :
∣∣∣∣ 1nSnϕ(x)−
∫
ϕdµρ(k)
∣∣∣∣ < δk for all n ≥ lk}
satisfies µρ(k)(Yk) > 1− γ for every k. This is possible by Birkhoff’s ergodic
theorem.
The following lemma follows readily from proposition 2.5.
Lemma 3.1. For any sufficiently small ǫ > 0, we can find a sequence nk →
∞ and a countable collection of finite sets Sk so that each Sk is an (nk, 4ǫ)
separated set for Yk and Mk :=
∑
x∈Sk
exp
{∑nk−1
i=0 ψ(f
ix)
}
satisfies
Mk ≥ exp(nk(C − 4γ)).
Furthermore, the sequence nk can be chosen so that nk ≥ lk and nk ≥ 2
mk ,
where mk = m(ǫ/2
k) is as in definition 1.8 of the specification property.
Proof. By proposition 2.5, let us choose ǫ sufficiently small so
lim inf
n→∞
1
n
logNµi(ψ, γ, 4ǫ, n) ≥ hµi +
∫
ψdµi − γ ≥ C − 2γ for i = 1, 2.
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For A ⊂ X, let
Qn(A,ψ, ǫ) = inf
{∑
x∈S
exp
{
n−1∑
k=0
ψ(fkx)
}
: S is (n, ǫ) spanning set for A
}
,
Pn(A,ψ, ǫ) = sup
{∑
x∈S
exp
{
n−1∑
k=0
ψ(fkx)
}
: S is (n, ǫ) separated set for A
}
.
We have Qn(A,ψ, ǫ) ≤ Pn(A,ψ, ǫ) and since µρ(k)(Yk) > 1 − γ for every k,
it is immediate that
Qn(Yk, ψ, 4ǫ) ≥ N
µρ(k)(ψ, γ, ǫ, n).
Let M(k, n) = Pn(Yk, ψ, 4ǫ). For each k, we obtain
lim inf
n→∞
1
n
logM(k, n) ≥ lim inf
n→∞
1
n
logNµρ(k)(ψ, γ, 4ǫ, n) ≥ C − 2γ.
We may now choose a sequence nk → ∞ satisfying the hypotheses of the
lemma so
1
nk
logM(k, nk) ≥ C − 3γ.
Now for eack k, let Sk be a choice of (nk, 4ǫ) separated set for Yk which
satisfies
1
nk
log
∑
x∈Sk
exp
{
n−1∑
i=0
ψ(f ix)
} ≥ 1nk logM(k, nk)− γ.
Let Mk :=
∑
x∈Sk
exp
{∑n−1
i=0 ψ(f
ix)
}
, then
1
nk
logMk ≥
1
nk
logM(k, nk)− γ ≥ C − 4γ.
We rearrange to obtain the desired result. 
We choose ǫ sufficiently small so that V ar(ψ, 2ǫ) < γ and V ar(ϕ, 2ǫ) < δ,
and fix all the ingredients provided by lemma 3.1.
Our strategy is to construct a certain fractal F ⊂ X̂ϕ, on which we can
define a sequence of measures suitable for an application of the generalised
pressure distribution principle.
3.1. Construction of the fractal F. We begin by constructing two inter-
mediate families of finite sets. The first such family we denote by {Ck}k∈N
and consists of points which shadow a very large number Nk of points from
Sk. The second family we denote by {Tk}k∈N and consist of points which
shadow points (taken in order) from C1, C2, . . . , Ck. We choose Nk to grow
to infinity very quickly, so the ergodic average of a point in Tk is close to
the corresponding point in Ck.
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3.1.1. Construction of the intermediate sets {Ck}k∈N. Let us choose a se-
quence Nk which increases to ∞ sufficiently quickly so that
(4) lim
k→∞
nk+1 +mk+1
Nk
= 0, lim
k→∞
N1(n1 +m1) + . . .+Nk(nk +mk)
Nk+1
= 0.
We enumerate the points in the sets Sk provided by lemma 3.1 and write
them as follows
Sk = {x
k
i : i = 1, 2, . . . ,#Sk}.
Let us make a choice of k and consider the set of words of length Nk with
entries in {1, 2, . . . ,#Sk}. Each such word i = (i1, . . . , iNk) represents a
point in SNkk . Using the specification property, we can choose a point y :=
y(i1, . . . , iNk) which satisfies
dnk(x
k
ij
, fajy) <
ǫ
2k
for all j ∈ {1, . . . , Nk} where aj = (j − 1)(nk +mk). (i.e. y shadows each of
the points xkij in order for length nk and gap mk.) We define
Ck =
{
y(i1, . . . , iNk) ∈ X : (i1, . . . , iNk) ∈ {1, . . . ,#Sk}
Nk
}
.
Let ck = Nknk + (Nk − 1)mk. Then ck is the amount of time for which the
orbit of points in Ck has been prescribed. It is a corollary of the following
lemma that distinct sequences (i1, . . . , iNk) give rise to distinct points in Ck.
Thus the cardinality of Ck, which we shall denote by #Ck, is #S
Nk
k .
Lemma 3.2. Let i and j be distinct words in {1, 2, . . . Mk}
Nk . Then y1 :=
y(i) and y2 := y(j) are (ck, 3ǫ) separated points (ie. dck(y1, y2) > 3ǫ).
Proof. Since i 6= j, there exists l so il 6= jl. We have
dnk(x
k
il
, faly1) <
ǫ
2k
, dnk(x
k
jl
, faly2) <
ǫ
2k
and dnk(x
k
il
, xkjl) > 4ǫ.
Combining these inequalities, we have
dck(y1, y2) ≥ dnk(f
aly1, f
aly2)
≥ dnk(x
k
il
, xkjl)− dnk(x
k
il
, faly1)− dnk(x
k
jl
, faly2)
> 4ǫ− ǫ/2− ǫ/2 = 3ǫ.

3.1.2. Construction of the intermediate sets {Tk}k∈N. We use the specifi-
cation property to construct points whose orbits shadow points (taken in
order) from C1, C2, . . . , Ck. Formally, we define Tk inductively. Let T1 = C1.
We construct Tk+1 from Tk as follows. Let x ∈ Tk and y ∈ Ck+1. Let
t1 = c1 and tk+1 = tk + mk+1 + ck+1. Using specification, we can find a
point z := z(x, y) which satisfies
dtk(x, z) <
ǫ
2k+1
and dck+1(y, f
tk+mk+1z) <
ǫ
2k+1
.
12 DAN THOMPSON, UNIVERSITY OF WARWICK
Define Tk+1 = {z(x, y) : x ∈ Tk, y ∈ Ck+1}. Note that tk is the amount of
time for which the orbit of points in Tk has been prescribed. Once again,
points constructed in this way are distinct. So we have
#Tk = #C1 . . .#Ck = #S
N1
1 . . .#S
Nk
k .
This fact is a corollary of the following straight forward lemma:
Lemma 3.3. For every x ∈ Tk and distinct y1, y2 ∈ Ck+1
dtk(z(x, y1), z(x, y2)) <
ǫ
2k
and dtk+1(z(x, y1), z(x, y2)) > 2ǫ.
Thus Tk is a (tk, 2ǫ) separated set. In particular, if z, z
′ ∈ Tk, then
Btk(z,
ǫ
2k
) ∩Btk(z
′,
ǫ
2k
) = ∅.
Proof. Let p := z(x, y1) and q := z(x, y2). The first inequality is trivial since
by construction, dtk(x, zi) < ǫ/2
k+1 for i = 1, 2.
Using lemma 3.2, we obtain the second inequality as follows:
dtk+1(p, q) ≥ dck+1(f
tk+mk+1p, f tk+mk+1q)
≥ dck+1(y1, y2)− dck+1(y1, f
tk+mk+1p)− dck+1(y2, f
tk+mk+1q)
> 3ǫ− ǫ/2− ǫ/2 = 2ǫ.
The third statement is a straightforward consequence of the second. 
Following the terminology of Takens and Verbitskiy, we say z ∈ Tk+1
descends from x ∈ Tk if z = z(x, y) for some y ∈ Ck+1.
Lemma 3.4. If z ∈ Tk+1 descends from x ∈ Tk then
Btk+1(z,
ǫ
2k
) ⊂ Btk(x,
ǫ
2k−1
).
Proof. Let z′ ∈ Btk+1(z,
ǫ
2k
). Then
dtk(z
′, x) ≤ dtk+1(z
′, z) + dtk(z, x)
≤ ǫ/2k + ǫ/2k+1 ≤ ǫ/2k−1.

3.1.3. Construction of the fractal F and a special sequence of measures µk.
Let Fk =
⋃
x∈Tk
Btk(x,
ǫ
2k−1
). By lemma 3.4, Fk+1 ⊂ Fk. Since we have a de-
creasing sequence of connected compact sets, the intersection F =
⋂
k Fk is
non-empty. Further, every point p ∈ F can be uniquely represented by a se-
quence p = (p
1
, p
2
, p
3
, . . . .) where each p
i
= (pi1, . . . , p
i
Ni
) ∈ {1, 2, . . . Mi}
Ni .
Each point in Tk can be uniquely represented by a finite word (p1, . . . pk).
We introduce some useful notation to help us see this. Let y(p
i
) ∈ Ci
be defined as in 3.1.1. Let z1(p) = y(p1) and proceeding inductively, let
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zi+1(p) = z(zi(p), y(pi+1)) ∈ Ti+1 be defined as in 3.1.2. We can also write
zi(p) as z(p1, . . . , pi). Then define p := πp by
p =
⋂
i∈N
Bti(zi(p),
ǫ
2i−1
).
It is clear from our construction that we can uniquely represent every point
in F in this way.
Lemma 3.5. Given z = z(p
1
, . . . , p
k
) ∈ Tk, we have for all i ∈ {1, . . . , k}
and all l ∈ {1, . . . , Ni},
dni(x
i
pi
l
, f ti−1+mi−1+(l−1)(mi+ni)z) < 2ǫ.
Proof. We fix i ∈ {1, . . . , k} and l ∈ {1, . . . , Ni}. For m ∈ {1, . . . , k− 1}, let
zm = z(p1, . . . , pm) ∈ Tm. Let a = ti−1 +mi−1 and b = (l − 1)(mi + ni).
Then
dni(x
i
pi
l
, fa+bz) < dni(x
i
pi
l
, f by(p
i
))+dni(f
by(p
i
), fa+bzi)+dni(f
a+bzi, f
a+bz).
We have, by construction,
dni(x
i
pi
l
, f by(p
i
)) <
ǫ
2i
.
We have, by construction,
dni(f
by(p
i
), fa+bzi) ≤ dci(y(pi), f
az) <
ǫ
2i+1
.
We have
dni(f
a+bzi, f
a+bz) < dti(zi, z) < dti(zi, zi+1) + . . .+ dti(zk−1, z)
<
ǫ
2i+1
+
ǫ
2i+2
+ . . .+
ǫ
2k
.
Combining the inequalities, we obtain dni(f
a+bz, xi
pi
l
) <
∑k
m=i
ǫ
2m +
ǫ
2i+1
<
2ǫ, as required. 
We now define the measures on F which yield the required estimates for
the Pressure Distribution Principle. For each z ∈ Tk, we associate a number
L(z) ∈ (0,∞). Using these mumbers as weights, we define, for each k, an
atomic measure centred on Tk. Precisely, if z = z(p1, . . . pk), we define
L(z) := L(p
1
) . . .L(p
k
),
where if p
i
= (pi1, . . . , p
i
Ni
) ∈ {1, . . . ,#Si}
Ni , then
L(p
i
) :=
Ni∏
l=1
expSniψ(x
i
pi
l
).
We define
νk :=
∑
z∈Tk
δzL(z).
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We normalise νk to obtain a sequence of probability measures µk. More
precisely, we let µk :=
1
κk
νk, where κk is the normalising constant
κk :=
∑
z∈Tk
Lk(z).
Lemma 3.6. κk =M
N1
1 . . .M
Nk
k .
Proof. We note that
∑
p
i
∈{1,...,#Si}Ni
L(p
i
) =
#Si∑
pi1=1
expSniψ(x
i
p1
l
) . . .
#Si∑
pi
Ni
=1
expSniψ(x
i
pi
Ni
)
= MNii
By the definition and since each z ∈ Tk corresponds uniquely to a sequence
(p
1
, . . . , p
k
), we have∑
z∈Tk
Lk(z) =
∑
p
1
∈{1,...,#S1}N1
. . .
∑
p
k
∈{1,...,#Sk}
Nk
L(p
1
) . . .L(p
k
).
The result follows. 
Lemma 3.7. Suppose ν is a limit measure of the sequence of probability
measures µk. Then ν(F ) = 1.
Proof. Suppose ν is a limit measure of the sequence of probability measures
µk. Then ν = limk→∞ µlk for some lk → ∞. For any fixed l and all p ≥ 0,
µl+p(Fl) = 1 since µl+p(Fl+p) = 1 and Fl+p ⊆ Fl. Therefore, ν(Fl) ≥
lim supk→∞ µlk(Fl) = 1. It follows that ν(F ) = liml→∞ ν(Fl) = 1. 
In fact, the measures µk converge. However, by using the generalised
pressure distribution principle, we do not need to use this fact and so we
omit the proof (which goes like lemma 5.4 of [18]).
We verify that F ⊂ X̂ϕ.
Lemma 3.8. For any p ∈ F , the sequence 1
tk
∑tk−1
i=0 ϕ(f
i(p)) diverges.
Proof. Let us choose a point p ∈ F . Using the notation of 3.1.3, let yk :=
y(p
k
) and zk = zk(p). We first show that
(5)
∣∣∣∣ 1ckSckϕ(yk)−
∫
ϕdµρ(k)
∣∣∣∣→ 0.
We rely on the fact that Var(ϕ, c) → 0 as c→ 0 and that
(6) lim
k→∞
nkNk
ck
= 1, lim
k→∞
mk(Nk − 1)
ck
= 0 and lim
k→∞
δk = 0.
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The first two limits follow from the assumption that nk ≥ 2
mk . Let aj =
(j − 1)(nk +mk). We have∣∣∣∣Sckϕ(yk)− ck ∫ ϕdµρ(k)∣∣∣∣ ≤
∣∣∣∣∣∣
Nk∑
j=1
Snkϕ(f
ajyk)− ck
∫
ϕdµρ(k)
∣∣∣∣∣∣
+ mk(Nk − 1)‖ϕ‖
≤
∣∣∣∣∣∣
Nk∑
j=1
Snkϕ(f
ajyk)−
Nk∑
j=1
Snkϕ(x
k
ij
)
∣∣∣∣∣∣ +
∣∣∣∣∣∣
Nk∑
j=1
Snkϕ(x
k
ij
)− ck
∫
ϕdµρ(k)
∣∣∣∣∣∣
+ mk(Nk − 1)‖ϕ‖
≤
Nk∑
j=1
∣∣∣Snkϕ(fajyk)− Snkϕ(xkij )∣∣∣ + Nk∑
j=1
∣∣∣∣Snkϕ(xkij )− nk ∫ ϕdµρ(k)∣∣∣∣
+ mk(Nk − 1){‖ϕ‖ +
∫
ϕdµρ(k)}
≤ nkNk{Var(ϕ, ǫ/2
k) + δk}+mk(Nk − 1){‖ϕ‖ +
∫
ϕdµρ(k)}.
We have used the fact dnk(x
k
ij
, fajyk) < ǫ/2
k in the last line. The statement
of (5) follows from this and (6).
Let p′ = f tk−ckp and z′k = f
tk−ckzk. Using dtk(p, zk) ≤ ǫ/2
k−1, we have
dck(p
′, yk) ≤ dck(p
′, z′k) + dck(z
′
k, yk)
≤ ǫ/2k−1 + ǫ/2k ≤ ǫ/2k−2.
Using this and (5), we obtain
(7)
∣∣∣∣ 1ckSckϕ(p′)−
∫
ϕdµρ(k)
∣∣∣∣ ≤ Var(ϕ, ǫ/2k−2).
The final ingredient we require is to show that
(8)
∣∣∣∣ 1tkStkϕ(p)− 1ckSckϕ(p′)
∣∣∣∣→ 0.
From the assumptions of (4), we can verify that ck/tk → 1. Thus for arbi-
trary γ > 0 and sufficiently large k, we have |ck/tk − 1| < γ. We have∣∣∣∣ 1tkStkϕ(p) − 1ckSckϕ(p′)
∣∣∣∣ = ∣∣∣∣ 1tkStk−ckϕ(p) + 1ckSckϕ(p′)
(
ck
tk
− 1
)∣∣∣∣
≤
∣∣∣∣ tk − cktk ‖ϕ‖ + γ 1ckSckϕ(p′)
∣∣∣∣
≤ 2γ‖ϕ‖
Since γ was arbitrary, we have verified (8). Using (7) and (8), it follows that∣∣∣ 1tkStkϕ(p)− ∫ ϕdµρ(k)∣∣∣→ 0. 
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For an affirmative answer to theorem 2.6, we give a sequence of lemmas
which will allow us to apply the generalised pressure distribution principle.
Let B := Bn(q, ǫ/2) be an arbitrary ball which intersects F . Let k be the
unique number which satisfies tk ≤ n < tk+1. Let j ∈ {0, . . . , Nk+1 − 1} be
the unique number so
tk + (nk+1 +mk+1)j ≤ n < tk + (nk+1 +mk+1)(j + 1).
We assume that j ≥ 1 and leave the details of the simpler case j = 0 to the
reader.
Lemma 3.9. Suppose µk+1(B) > 0, then there exists (a unique choice of)
x ∈ Tk and i1, . . . , ij ∈ {1, . . . ,#Sk+1} satisfying
νk+1(B) ≤ L(x)
j∏
l=1
expSnk+1ψ(x
k+1
il
)M
Nk+1−j
k+1 .
Proof. If µk+1(B) > 0, then Tk+1 ∩B 6= ∅. Let z = z(x, y) ∈ Tk+1 ∩B where
x ∈ Tk and y = y(i1, . . . , iNk+1) ∈ Ck+1. Let
Ax;i1,...,ij = {z(x, y(l1, . . . , lNk+1)) ∈ Tk+1 : l1 = i1, . . . , lj = ij}.
Suppose that z(x′, y(l)) ∈ B. Since Tk is (tk, 2ǫ) separated and n ≥ tk,
x = x′. For l ∈ {1, 2, . . . , j}, we have
dnk+1(f
tk+(l−1)(nk+1+mk+1)q, xk+1il ) < 2ǫ.
Since xk+1il ∈ Sk+1 and Sk+1 is (nk+1, 4ǫ) separated, it follows that l1 =
i1, . . . , lj = ij . Thus, if z ∈ Tk+1 ∩ B, then z ∈ Ax;i1,...,ij . Hence,
νk+1(B) ≤
∑
z∈Ax;i1,...,ij
L(z) = L(x)
∑
p
k+1
:pk+11 =i1,...,p
k+1
j =ij
L(p
k+1
)
= L(x)
j∏
l=1
expSnk+1ψ(x
k+1
il
)
Nk+1∏
p=j+1
#Sk+1∑
lp=1
expSnk+1ψ(x
k+1
lp
),
whence the required result. 
Lemma 3.10. Let x ∈ Tk and i1, . . . , ij be as before. Then
L(x)
j∏
l=1
expSnk+1ψ(x
k+1
il
) ≤ exp{Snψ(q) + 2nVar(ψ, 2ǫ)
+ ‖ψ‖(
k∑
i=1
Nimi + jmk+1)}.
Proof. We write x = x(p
1
, . . . p
k
). Lemma 3.5 tells us that
dni(f
ti−1+mi−1+(l−1)(mi+ni)x, xi
pi
l
) < 2ǫ
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for all i ∈ {1, . . . , k} and all l ∈ {1, . . . , Ni} and it follows that
L(x) ≤ exp{Stkψ(x) + tkV ar(ψ, 2ǫ) +
k∑
i=1
‖ψ‖Nimi}.
Similarly,
j∏
l=1
expSnk+1ψ(x
k+1
il
) ≤ exp{Sn−tkψ(z)+(n−tk)V ar(ψ,
ǫ
2k+1
)+‖ψ‖jmk+1}.
We obtain the result from these two inequalities and that dn(z, q) < 2ǫ and
dtk(x, q) < 2ǫ. 
The proof of the following lemma is similar to that of lemma 3.9.
Lemma 3.11. For any p ≥ 1, suppose µk+p(B) > 0. Let x ∈ Tk and
i1, . . . , ij be as before. Then every z ∈ Tk+p ∩ B descends from some point
in Ax;i1,...,ij . We have
νk+p(B) ≤ L(x)
j∏
l=1
expSnk+1ψ(x
k+1
il
)M
Nk+1−j
k+1 M
Nk+2
k+2 . . .M
Nk+p
k+p .
Lemma 3.12.
µk+p(B) ≤
1
κkM
j
k+1
exp
{
Snψ(q) + 2nV ar(ψ, 2ǫ) + ‖ψ‖(
k∑
i=1
Nimi + jmk+1)
}
.
Proof. Using lemma 3.10, it follows from lemma 3.11 that
νk+p(B) ≤M
Nk+1−j
k+1 . . .M
Nk+p
k+p exp{Snψ(q) + 2nV ar(ψ, 2ǫ)
+ ‖ψ‖(
k∑
i=1
Nimi + jmk+1)}.
Since µk+p =
1
κk+p
νk+p and κk+p = κkM
Nk+1
k+1 . . .M
Nk+p
k+p , the result follows.

Lemma 3.13. For sufficiently large n, κkM
j
k+1 ≥ exp((C − 5γ)n)
Proof. Recall that by construction Mk ≥ exp((C − 4γ)nk). We have
κkM
j
k+1 = M
N1
1 . . .M
Nk
k M
j
k+1
≥ exp{(C − 4γ)(N1n1 +N2n2 + . . .+Nknk + jnk+1)}
≥ exp{(C − 5γ)(N1(n1 +m1) +N2(n2 +m2) + . . .
+Nk(nk +mk) + j(nk+1 +mk+1)}
= exp{(C − 5γ)(tk +m1 + j(nk+1 +mk+1)} ≥ exp{(C − 5γ)n}.
Our arrival at the third line may require some explanation. Morally, we
are able to add in the extra terms with an arbitrarily small change to the
constant s because nk is much larger than mk. The reader may wish to
verify this. 
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Lemma 3.14. For sufficiently large n,
lim sup
k→∞
µk(Bn(q,
ǫ
2
)) ≤ exp{−n(C − 2V ar(ψ, 2ǫ) − 6γ) +
n−1∑
i=0
ψ(f iq)}.
Proof. By lemmas 3.12 and 3.13, for sufficiently large n and any p ≥ 1,
µk+p(B) ≤
1
κkM
j
k+1
exp
{
Snψ(q) + 2nV + ‖ψ‖(
k∑
i=1
Nimi + jmk+1)
}
≤
1
κkM
j
k+1
exp {Snψ(q) + n (2V + γ))}
≤ exp{−n(C − 6γ − 2V )) + Snψ(q)},
where V = Var(ψ, 2ǫ). Our arrival at the second line is because nk is much
larger than mk. 
Applying the Generalised Pressure Distribution Principle, we have
PF (ψ, ǫ) ≥ C − 2Var(ψ, 2ǫ) − 6γ.
Recall that ǫ was chosen sufficiently small so Var(ψ, 2ǫ) < γ. It follows that
P bXϕ(ψ, ǫ) ≥ PF (ψ, ǫ) ≥ C − 8γ.
Since γ and ǫ were arbitrary, the proof of theorem 2.6 is complete.
3.2. Modification of the construction to obtain theorem 2.2. Let us
fix a small γ > 0. Let µ1 be ergodic and satisfy hµ1+
∫
ψdµ1 > C−γ/2. Let
ν ∈Mef (X
′) satisfy
∫
ϕdµ1 6=
∫
ϕdν. Let µ2 = t1µ1 + t2ν where t1 + t2 = 1
and t1 ∈ (0, 1) is chosen sufficiently close to 1 so that hµ2 +
∫
ψdµ2 > C− γ.
Choose δ > 0 sufficiently small so∣∣∣∣∫ ϕdµ1 − ∫ ϕdµ2∣∣∣∣ > 8δ.
Choose a strictly decreasing sequence δk → 0 with δ1 < δ. For k odd, we
proceed as before, choosing a strictly increasing sequence lk →∞ so the set
Yk :=
{
x ∈ X ′ :
∣∣∣∣ 1nSnϕ(x)−
∫
ϕdµ1
∣∣∣∣ < δk for all n ≥ lk}
satisfies µ1(Yk) > 1− γ for every k. For k even, we define Yk,1 := Yk−1 and
find lk > lk−1 so that each of the sets
Yk,2 :=
{
x ∈ X ′ :
∣∣∣∣ 1nSnϕ(x)−
∫
ϕdν
∣∣∣∣ < δk for all n ≥ lk}
satisfies ν(Yk,2) > 1− γ. The proof of the following lemma is similar to that
of lemma 3.1.
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Lemma 3.15. For any sufficiently small ǫ > 0 and k even, we can find
a sequence nˆk → ∞ so [tinˆk] ≥ lk for i = 1, 2 and sets S
i
k so that S
i
k is
a ([tinˆk], 4ǫ) separated set for Yk,i with M
i
k :=
∑
x∈Si
k
exp
{∑nk−1
j=0 ψ(f
jx)
}
satisfying
M1k ≥ exp([t1nˆk](hµ1 +
∫
ψdµ1 − 4γ)),
M2k ≥ exp([t2nˆk](hν +
∫
ψdν − 4γ)).
Furthermore, the sequence nˆk can be chosen so that nˆk ≥ 2
mk where mk =
m(ǫ/2k) is as in the definition of specification.
We now use the specification property to define the set Sk as follows. For
i = 1, 2, let yi ∈ S
i
k and define x = x(y1, y2) to be a choice of point which
satisfies
d[t1nˆk](y1, x) <
ǫ
2k
and d[t2nˆk](y2, f
[t1nˆk]+mkx) <
ǫ
2k
.
Let Sk be the set of all points constructed in this way. Let nk = [t1nˆk] +
[t2nˆk] + mk. Then nk is the amount of time for which the orbit of points
in Sk has been prescribed and we have nk/nˆk → 1. We note that Sk is
(nk, 4ǫ) separated and so #Sk = #S
1
k#S
2
k. Let Mk = M
1
kM
2
k . Given our
new construction of Sk, the rest of our constuction goes through unchanged.
3.3. Modification to the proof. For every x ∈ Sk,
|Snkϕ(x)− nk
∫
ϕdµ2| ≤ |S[t1nˆk]ϕ(x)− [t1nˆk]
∫
ϕdµ1|+mk‖ϕ‖
+ |S[t2nˆk]ϕ(f
[t1nk]+mkx)− [t2nˆk]
∫
ϕdν|
It follows that | 1
nk
Snkϕ(x) −
∫
ϕdµ2| → 0. This observation allows us to
modify the proof of lemma 3.8 and ensures that our construction still gives
rise to points in X̂ϕ. We have for sufficiently large nk,
Mk ≥ exp{[t1nˆk](hµ1 +
∫
ψdµ1 − 4γ) + [t2nˆk](hν +
∫
ψdν − 4γ)}
≥ exp{(1− γ)nˆk(t1(hµ1 +
∫
ψdµ1) + t2(hν +
∫
ψdν)− 4γ)}
≥ exp(1− γ)2nk(hµ2 +
∫
ψdµ2 − 4γ) ≥ exp(1− γ)
2nk(C − 5γ).
Since γ was arbitrary, this observation allows us to modify the estimates in
lemma 3.13 to cover this more general construction.
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4. Examples
4.1. Standard examples. We recall that any factor of a topologically mix-
ing shift of finite type has the specification property and thus our result
applies. Bowen’s specification theorem tells us that a compact locally maxi-
mal hyperbolic set of a topologically mixing diffeomorphism f has the Bowen
specification property. In particular, our result applies to topologically mix-
ing Anosov diffeomorphisms (which include any Anosov diffeomorphism of
a compact connected manifold whose wandering set is empty).
4.2. The Manneville-Pomeau family of maps. Let I = [0, 1]. The MP
family of maps, parametrised by α ∈ (0, 1) are given by
fα : I 7→ I, fα(x) = x+ x
1+α mod 1.
Considered as a map of S1, fα is continuous. Since f
′
α(0) = 1, the system is
not uniformly hyperbolic and thus the results of [3] do not apply. However,
since the MP maps are all topologically conjugate to a full shift on two
symbols, they satisfy the specification property and thus theorem 2.2 applies.
4.3. Beyond Symbolic Dynamics. As remarked in the introduction, by
the Blokh theorem, any topologically mixing interval map satisfies specifi-
cation. For example, Jakobson [9] showed that for a set of parameter values
of positive Lebesgue measure in [0, 4], the logistic map fλ(x) = λx(1− x) is
topologically mixing.
Lind [12] showed that a quasi-hyperbolic toral automorphism satisfies
specification but not Bowen specification iff the matrix representation of
the automorphism in Jordan normal form admits no 1’s off the diagonal in
the central direction. Such maps cannot be factors of topologically mixing
shifts of finite type or they would inherit the Bowen specification property.
Theorems 17.6.2 and 18.3.6 of [11] ensure that the geodesic flow of any
compact connected Riemannian manifold of negative sectional curvature
is topologically mixing and Anosov. The specification theorem for flows
(proved in [5]) ensures that such a flow has the specification property 18.3.13
of [11]. It is easy to see that the time-t map of a flow with the specification
property satisfies our specification property 1.5. We conclude that our re-
sults apply to the time-t map of the geodesic flow of any compact connected
Riemannian manifold of negative sectional curvature.
5. Application to Suspension Flows
We apply our main result to suspension flows. Let f : X 7→ X be a
homeomorphism of a compact metric space (X, d). We consider a continuous
roof function ρ : X 7→ (0,∞). We define the suspension space to be
Xρ = {(x, s) ∈ X × R : 0 ≤ s ≤ ρ(x)},
where (x, ρ(x)) is identified with (f(x), 0) for all x. Alternatively, we can
define Xρ to be X × [0,∞), quotiented by the equivalence relation (x, t) ∼
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(y, s) iff (x, t) = (y, s) or there exists n ∈ N so (fnx, t−
∑n−1
i=0 ρ(f
ix)) = (y, s)
or (f−nx, t +
∑n
i=1 ρ(f
−ix)) = (y, s). Let π denote the quotient map from
X×[0,∞) toXρ. We extend the domain of definition of π toX×(− inf ρ,∞)
by identifying points of the form (y,−t) with (f−1y, ρ(y)−t) for t ∈ (0, inf ρ).
We write (x, s) in place of π(x, s) when inf ρ < s < ρ(x).We define the flow
Ψ = {gt} on Xρ by
gt(x, s) = π(x, s + t).
To a function Φ : Xρ 7→ R, we associate the function ϕ : X 7→ R by
ϕ(x) =
∫ ρ(x)
0 Φ(x, t)dt. Since the roof function is continuous, when Φ is
continuous, so is ϕ. For µ ∈ Mf (X), we define the measure µρ by∫
Xρ
Φdµρ =
∫
X
ϕdµ/
∫
ρdµ
for all Φ ∈ C(Xρ), where ϕ is defined as above. We have Ψ-invariance of
µρ (ie. µ(g
−1
t A) = µ(A) for all t ≥ 0 and measurable sets A). The map
R :Mf (X) 7→ MΨ(Xρ) given by µ 7→ µρ is a bijection. It is verified in [14]
that hµρ = hµ/
∫
ρdµ and hence,
htop(Ψ) = sup{hµ : µ ∈ MΨ(Xρ)} = sup
{
hµ∫
ρdµ
: µ ∈Mf (X)
}
,
where htop(Ψ) is the topological entropy of the flow. Abramov’s theorem
states that htop(Ψ) is the unique solution to the equation P
classic
X (−sρ) = 0.
We use the notation htop(Z,Ψ) for topological entropy of a non-compact
subset Z ⊂ Xρ with respect to Ψ (defined below). We define
X̂ρ = {(x, s) ∈ Xρ : lim
T→∞
1
T
∫ T
0
Φ(gt(x, s))dt does not exist }.
By the ergodic theorem for flows, µ(X̂ρ) = 0 for any µ ∈ MΨ(Xρ). Our
main result on suspension flows is the following (the proof is at the end of
the section).
Theorem 5.1. Let (X, d) be a compact metric space and f : X 7→ X
be a homeomorphism with the specification property. Let ρ : X 7→ (0,∞)
be continuous. Let (Xρ,Ψ) be the corresponding suspension flow over X.
Assume that Φ : Xρ 7→ R is continuous and satisfies infµ∈MΨ(Xρ)
∫
Φdµ <
supµ∈MΨ(Xρ)
∫
Φdµ. Then htop(X̂ρ,Ψ) = htop(Ψ).
We remark that the flow Φ may not satisfy specification itself. For exam-
ple, when ρ is a constant fuction, Φ is not even topologically mixing.
5.1. Topological entropy for flows as a characteristic of dimension
type. Let Z ⊂ X be an arbitrary Borel set, not necessarily compact or
invariant. Let Ψ = {ψt} be a flow on X. We consider finite and countable
collections of the form Γ = {Bti(xi, ǫ)}i, where ti ∈ (0,∞), xi ∈ X and
Bt(x, ǫ) = {y ∈ X : d(ψs(x), ψs(y)) < ǫ for all s ∈ [0, t)}.
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For α ∈ R, we define the following quantities:
Q(Z,α,Γ) =
∑
Bti(xi,ǫ)∈Γ
exp (−αti) ,
M(Z,α, ǫ, T ) = inf
Γ
Q(Z,α,Γ),
where the infimum is taken over all finite or countable collections of the
form Γ = {Bti(xi, ǫ)}i with xi ∈ X such that Γ covers Z and ti ≥ T for all
i = 1, 2, . . .. Define
m(Z,α, ǫ) = lim
T→∞
M(Z,α, ǫ, T ).
The existence of the limit is guaranteed since the functionM(Z,α, ǫ, T ) does
not decrease with T . By standard techniques, we can show the existence of
htop(Z, ǫ) := inf{α : m(Z,α, ǫ) = 0} = sup{α : m(Z,α, ǫ) =∞}.
Definition 5.2. The topological entropy of Z with respect to Ψ is given by
htop(Z,Ψ) = lim
n→∞
htop(Z, ǫ).
5.2. Properties of suspension flows. The following lemma is similar to
one given in [2].
Lemma 5.3. Let (X, d) be a compact metric space and f : X 7→ X be a
homeomorphism. Let ρ : X 7→ (0,∞) be continuous. Let (Xρ,Ψ) be the
corresponding suspension flow over X. Let Φ : Xρ 7→ R be continuous and
ϕ : X 7→ R be given by ϕ(x) =
∫ ρ(x)
0 Φ(x, t)dt. We have
lim inf
T→∞
1
T
∫ T
0
Φ(gt(x, s))dt = lim inf
n→∞
Snϕ(x)
Snρ(x)
,
lim sup
T→∞
1
T
∫ t
0
Φ(gt(x, s))dt = lim sup
n→∞
Snϕ(x)
Snρ(x)
,
X̂ρ = {(x, s) : lim
n→∞
Snϕ(x)
Snρ(x)
does not exist, 0 ≤ s < ρ(x)}.
Proof. Fix γ > 0. Given T > 0, let n satisfy Snρ(x) ≤ T < Sn+1ρ(x).
It follows that 1 − ‖ρ‖
T
≤ Snρ(x)
T
≤ 1. Assume T is sufficiently large that
2T−1‖ρ‖‖Φ‖ < γ. We note that∫ T
0
Φ(gt(x, s))dt ≤
n−1∑
i=0
∫ ρ(f ix)
0
Φ(f ix, t)dt+ 2‖ρ‖‖Φ‖
= Snϕ(x) + 2‖ρ‖‖Φ‖,
and so
1
T
∫ T
0
Φ(gt(x, s))dt ≤
Snρ(x)
T
Snϕ(x)
Snρ(x)
+
2
T
‖ρ‖‖Φ‖
≤
Snϕ(x)
Snρ(x)
+ γ.
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The result follows from this and a similar calculation for the opposite in-
equality. 
As the lemma suggests, our result on X̂ρ will follow from a corresponding
result about the set
(9) X̂(ϕ, ρ) :=
{
x ∈ X : lim
n→∞
Snϕ(x)
Snρ(x)
does not exist
}
.
Lemma 5.4. Under our assumptions, the following are equivalent:
(a) X̂ρ 6= ∅; (b) X̂(ϕ, ρ) 6= ∅;
(c) infµ∈MΨ(Xρ)
∫
Φdµ < supµ∈MΨ(Xρ)
∫
Φdµ;
(d) infµ∈Mf (X)
∫
ϕdµ/
∫
ρdµ < supµ∈Mf (X)
∫
ϕdµ/
∫
ρdµ;
(e) infµ∈Me
f
(X)
∫
ϕdµ/
∫
ρdµ < supµ∈Me
f
(X)
∫
ϕdµ/
∫
ρdµ;
(f) Snϕ/Snρ does not converge (uniformly or pointwise) to a constant;
(g) 1
T
∫ T
0 Φ(gt)dt does not converge (uniformly or pointwise) to a constant;
Let ϕT (x) :=
∫ T
0 Φ(gtx)dt.
(h) There exists T such that ϕT /∈
⋃
c∈RCob(Xρ, gT , c), i.e ϕT is not in
the closure of the coboundaries for the time-T map of the flow;
(i) For all T , ϕT /∈
⋃
c∈RCob(Xρ, gT , c).
Proof. First we note that (d) ⇐⇒ (e) ⇐⇒ (f) is similar to the proof of the
analogous statements in lemma 1.9. For (c) ⇒ (d), let µ1, µ2 ∈ MΨ(Xρ)
satisfy
∫
Φdµ1 <
∫
Φdµ2. Let vi = R
−1µi for i = 1, 2. By definition,∫
ϕdvi/
∫
ρdvi =
∫
Φdµi for i = 1, 2 and so
∫
ϕdv1/
∫
ρdv1 <
∫
ϕdv2/
∫
ρdv2.
(d) ⇒ (c) is similar. (f) ⇐⇒ (g) follows from lemma 5.3.
We show (c) ⇐⇒ (h) ⇐⇒ (i). We define bijections RT :MgT (Xρ) 7→
MΨ(Xρ) by ∫
Xρ
ΦdRT (µ) =
1
T
∫
X
ϕT dµ
for all Φ ∈ C(Xρ), where ϕT (x) :=
∫ T
0 Φ(gtx)dt. A similar argument to that
of (c) ⇐⇒ (d) and an appliction of lemma 1.9 gives the desired results.
(a) ⇒ (g), (b) ⇒ (f), (b) ⇒ (a) are trivial. (d) ⇒ (b) is a consequence of
theorem 5.5, so we omit the proof. 
We remark that if ϕ ∈ Cob(X, f, 0) or ϕ−ρ ∈ Cob(X, f, 0), then Snϕ/Snρ
converges uniformly to a constant and so X̂ρ = ∅.
5.3. A generalisation of the main theorem. To prove theorem 5.1, we
require the following generalisation of theorem 2.1.
Theorem 5.5. Let (X, d) be a compact metric space and f : X 7→ X be a
continuous map with specification. Let ϕ,ψ ∈ C(X) and ρ : X 7→ (0,∞) be
continuous with infµ∈Mf (X)
∫
ϕdµ/
∫
ρdµ < supµ∈Mf (X)
∫
ϕdµ/
∫
ρdµ. Let
X̂(ϕ, ρ) be defined as in (9). We have P bX(ϕ,ρ)(ψ) = P
classic
X (ψ).
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Proof. We require only a small modification to the proof of theorem 2.2. We
replace the family of sets defined at (3) by the following:
Yk :=
{
x ∈ X :
∣∣∣∣Snϕ(x)Snρ(x) −
∫
ϕdµρ(k)∫
ρdµρ(k)
∣∣∣∣ < δk for all n ≥ lk}
chosen to satisfy µρ(k)(Yk) > 1− γ for every k. This is possible by the ratio
ergodic theorem. The rest of the proof requires only superficial modifica-
tions. 
5.4. The relationship between entropy of a suspension flow and
pressure in the base. The natural metric on Xρ is the Bowen-Walters
metric. The appendix of [2] contains a study of dynamical balls taken with
respect to this metric when the roof function is Ho¨lder. We assume only
continuity of ρ. When ρ is non-constant, computations involving this metric
are rather unwieldy, particularly when no regularity of the roof function is
assumed. We sidestep this problem by making the following definitions. Let
(x, s) ∈ Xρ with 0 ≤ s < ρ(x). We define the horizontal segment of (x, s) to
be {(y, t) : y ∈ X, 0 ≤ t < ρ(y), t = ρ(y)sρ(x)−1} and the horizontal ball of
radius ǫ at (x, s) to be
BH((x, s), ǫ) := {(y,
s
ρ(x)
ρ(y)) : (1−
s
ρ(x)
)d(x, y) +
s
ρ(x)
d(fx, fy) < ǫ}.
We define
B((x, s), ǫ) =
⋃
t:|s−t|<ǫ
BH((x, t), ǫ),
BT ((x, s), ǫ) =
T⋂
t=0
g−tB(gt(x, s), ǫ).
We are abusing notation, since B((x, s), ǫ) is not a ball in the Bowen-Walters
metric. We can consider covers by sets of the form BT ((x, s), ǫ) in the
definition of topological pressure in place of covers consisting of dynamical
balls. This is because one can verify that there exists constants C1, C2 > 0
such that the metric ball of radius C1ǫ at (x, s) is a subset of B((x, s), ǫ),
that a set of diameter ǫ is contained in some set B((x, s), C2ǫ) for sufficiently
small ǫ, that B((x, s), ǫ) is open and as ǫ → 0, diam({B((x, s), ǫ) : (x, s) ∈
Xρ}) → 0. Diameter and topology are taken with respect to the Bowen-
Walters metric.
Lemma 5.6. Let (y, s) ∈ X×(− inf ρ,∞) and suppose π(y, s) ∈ B((x, δ), ǫ),
where |δ| ≤ ǫ < inf ρ/4. Then for ǫ sufficiently small there exists n ∈ N such
that
(y, s) ∼ (fny, s − Snρ(y)), |s − Snϕ(y)| < Kǫ and d(x, f
ny) < Kǫ,
where K = 4‖ρ‖/ inf ρ and Kǫ < inf ρ.
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Proof. Suppose (y, s) ∈ BH((x, γ), ǫ) for some γ with 0 ≤ |γ| < 2ǫ. Then
s = γρ(y)ρ(x)−1. Therefore, s < 2ǫ‖ρ‖/ inf ρ. We have
(1−
γ
ρ(x)
)d(x, y) +
γ
ρ(x)
d(fx, fy) < ǫ.
Thus (1 − γ
ρ(x))d(x, y) < ǫ. Rearranging, we have d(x, y) < ǫρ(x)(ρ(x) −
γ)−1 < Kǫ. For −ǫ < γ < 0, we apply a similar argument. Now assume
π(y, s) ∈ B((x, δ), ǫ). Then π(y, s) has a unique representation (y′, s′) with
|s′| < 2ǫ and y′ = fny. We apply the previous argument to (y′, s′). 
Lemma 5.7. Suppose |s| < ǫ and Snρ(x) ≤ T < Sn+1ρ(x), then
BT ((x, s), ǫ) ⊂ Bn(x,Kǫ))× (−Kǫ,Kǫ).
Proof. Let (y, t) ∈ BT ((x, s), ǫ), with |t| < Kǫ. Then d(x, y) < Kǫ. Let
ti satisfy s + ti = Siρ(x) for i = 1, . . . n. Then gti(y, t) ∈ B((f
i−1x, 0), ǫ).
Applying the previous lemma, we have d(fny, f i−1x) < Kǫ for some n ∈ N.
Furthermore, we must have n = i − 1. Suppose not, then for some time
τ ∈ [0, Siρ(x)), gτ (y, t) /∈ B(gτ (x, s), ǫ), which is a contradiction. This
implies that y ∈ Bn(x,Kǫ). 
Theorem 5.8. Let (X, d) be a compact metric space and f : X 7→ X be
a homeomorphism. Let ρ : X 7→ (0,∞) be continuous. Let (Xρ,Ψ) be the
corresponding suspension flow over X. For an arbitrary Borel set Z ⊂ X,
define Zρ := {(z, s) : z ∈ Z, 0 ≤ s < ρ(s)}. Let β be the unique solution to
the equation PZ(−tρ) = 0. Then htop(Zρ,Ψ) ≥ β.
Proof. The function t → PZ(−tρ) is continuous and decreasing. Since
PZ(0) ≥ 0, it follows that there exists a unique solution to the equation
PZ(−tρ) = 0. We assume PZ(−βϕ) > 0 and show htop(Zρ,Ψ) ≥ β. Let ǫ > 0
be arbitrary and sufficiently small so lemma 5.7 applies and PZ(−βϕ, ǫ) > 0.
Choose Γ = {Bti((xi, si), ǫ)} covering Zρ with ti ≥ T . Take the subcover
Γ′ of Γ which covers Z × {0}, and assume without loss of generality that
|si| < ǫ. Let mi be the unique number so Smiρ(x) ≤ ti < Smi+1ρ(x).
Let m(Γ′) = infmi obtained in this way. Then m(Γ
′) ≥ ‖ρ‖−1(T − ‖ρ‖)
and thus as T tends to infinity so does m(Γ′). Let Γ′′ = {Bmi(xi,Kǫ)} :
Bti((xi, si), ǫ) ∈ Γ
′}. By lemma 5.7, Bmi(xi,Kǫ)×(−Kǫ,Kǫ) covers Z×{0}
and if we assume ǫ was chosen sufficiently small, then Γ′′ is a cover for Z.
Q(Z × {0}, β,Γ′) ≥
∑
Bi∈Γ′
exp−β(Smiρ(xi) + ‖ρ‖)
≥
∑
Bi∈Γ′′
exp−β( sup
y∈Bi
Smiρ(y) + ‖ρ‖+Var(ρ,Kǫ))
= exp{−β(Var(ρ,Kǫ) + ‖ρ‖)}Q(Z, 0,Γ′′ ,−βρ)
≥ exp{−β(Var(ρ,Kǫ) + ‖ρ‖)}M(Z, 0,m(Γ′),−βρ)
≥ 1,
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if T and hence m(Γ′) are chosen to be sufficiently large. We have
Q(Zρ, β,Γ) ≥ Q(Z × {0}, β,Γ
′)
and since Γ was arbitrary, we have M(Zρ, β, T − ‖ρ‖, ǫ) ≥ 1 and hence
htop(Zρ,Ψ, ǫ) ≥ β. 
5.5. Proof of Theorem 5.1. Given the results we have proved so far,
theorem 5.1 follows easily. By lemma 5.3, X̂ρ = Zρ, where Z = X̂(ϕ, ρ).
We recall that htop(Ψ) is the unique number satisfing P
classic
X (−tρ) = 0. By
theorem 5.5, PZ(−tρ) = P
classic
X (−tρ) for all t ∈ R, and so htop(Ψ) is the
unique number such that PZ(−tρ) = 0. Applying theorem 5.8, our result
follows.
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